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Abstract
It is demonstrated numerically that spectral statistics of complex hermitian random Toeplitz
matrices with i.i.d. Gaussian distributed matrix elements is well approximated by the semi-Poisson
distribution belonging to intermediate type statistics. The origin of such behaviour is the fact that
the Fourier transformed random Toeplitz matrix has the same slow decay outside the main diagonal
as critical random matrix ensembles. For real random Toeplitz matrices diagonal matrix elements
of the Fourier transformed Toeplitz matrix are doubly degenerated and their spectral statistics is
close to the Poisson distribution. The findings open new perspective in intermediate statistics.
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Random matrices in physics firstly appeared as a tool for simplified description of com-
plicated (and mostly unknown) quantum Hamiltonian of heavy nuclei [1]. Later the idea of
statistical characterisation of physical and mathematical systems with complex behaviour
becomes ubiquitous and has been successfully applied to a huge variety of different prob-
lems ranging from chaotic systems [2] and number theory [3] to quantum gravity [4], [5].
Physical applications were accompanied by quick increase of mathematical results in random
matrix theory (RMT). Besides many others it is worth to mention the exact calculations
of eigenvalue distributions for invariant random matrix ensembles [6] and the proof of their
universality for wider classes of matrices [7].
One of the oldest class of matrices being investigated is the Toeplitz matrices for which
matrix elements Tmn depend only on the difference of indices m− n
Tmn = am−n, 1 ≤ m,n ≤ N (1)
for a certain vector at with t = −(N − 1), . . . , (N − 1).
Such matrices arise naturally in many branches of mathematics and physics, such as dif-
ferential and integral equations, functional analysis, probability theory, numerical analysis,
theory of stationary processes, signal processing etc. (see e.g. [8], [9] and references therein).
One of the impressive development in this field was the asymptotic calculation of the deter-
minants for different classes of Toeplitz matrices, starting with the classical work of Szego¨
[10] and resulting in the proof of the Fisher-Hartwig conjecture [11].
Random (real symmetric) Toeplitz matrices where an are independent real random vari-
ables were briefly introduced in [12] where the question of their mean level density had been
posed. In [13], [14] it has been proved that the density of normalised eigenvalues for N ×N
real symmetric Toeplitz matrices for i.i.d. an with zero mean value and unit variance (and
finite higher moments) converges in the limit N →∞ to a new universal distribution
lim
N→∞
1
N
N∑
j=1
δ
(
E − ej√
N
)
= ρ(E) (2)
independent on the distribution of an. The form of ρ(E) seems to be intractable analytically.
In [15] the behaviour of the largest eigenvalues for the above matrices has been investigated.
Surprisingly, a very natural (from quantum chaos point of view) question about the
spectral statistics of random Toeplitz matrices seems not to attract attention. Only in the
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end of Ref. [14] the authors conjectured that as N →∞ the local spacings between adjacent
normalised eigenvalues for real symmetric Toeplitz matrices will be Poissonian.
The main message of this letter is that the spectral statistics of hermitian complex
Toeplitz matrices is completely different and well described by the so-called semi-Poisson
statistics. The latter had been introduced in [16] as describing statistical properties of eigen-
values when only the nearest pairs interact as in RMT. The semi-Poisson statistics is quite
special and differs from the Poisson distribution typical for integrable models as well as from
the Wigner-Dyson statistics appeared for chaotic systems. It serves usually as a reference
point for the intermediate statistics observed in certain models. The characterised features
of such statistics are (i) linear repulsion of eigenvalues at small distances as for usual RMT
and (ii) exponential decrease of the nearest-neighbour distribution at large distances as for
the Poisson distribution. Such behaviour has been firstly observed in the Anderson model
at the point of metal-insulator transition [17] and later in certain pseudo-integrable billiards
[18], [19]. For example, the semi-Poisson statistics describes well eigenvalue distribution for
a rectangular billiard with the barrier in the centre [20] and also appears as a particular
case of spectral statistics of interval-exchange map [21] related with the Lax matrix for an
integrable Ruijsenaars-Schneider model [21]-[23].
Two types of Toeplitz matrices (1) are considered below: (i) complex hermitian matrices
where the real and imaginary parts of an with a−n = a∗n are i.i.d. Gaussian random variables
with zero mean and unit variance and (ii) real symmetric matrices where an with a−n = an
are real i.i.d. Gaussian random variables [24]. For each matrix its eigenvalues, ek and
eigenfuntions, Ψj(ek), are calculated numerically from the usual equation
N∑
n=1
am−nΨn(ek) = ekΨm(ek). (3)
Our conclusions are based on numerical calculations of different spectral correlation functions
for these types of matrices. For the semi-Poisson (cf. [16], [25]) and the Poisson distributions
they are known analytically and are cited in Table I. The nearest-neighbour distribution
Pn(s) is the probability that two eigenvalues are separated by interval s and there are
exactly n eigenvalues inside this interval. The expressions in Table I correspond to the
unfolded spectrum normalised to unit density, s = d¯(ej+1+n− ej) where ej is an ordered set
of eigenvalues and d¯ is the mean density. Another characteristic quantity indicated in that
Table is the two-point correlation formfactor which can conveniently be calculated from the
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unfolded spectrum by the following expression
K(τ) = lim
N→∞
〈 1
N
∣∣∣∣∣
N∑
j=1
e2piid¯ej τ
∣∣∣∣∣
2 〉
(4)
where the average is taken over different realisations of the random matrix. To avoid the
unfolding it is convenient to calculate the probability distribution of ratio of 3 consecutive
eigenvalues r = (ej+2 − ej+1)/(ej+1 − ej) [26]. The expected formulas for this distribution
are presented in the third row of Table I.
The results of calculations are summarised at Figs. 1, 2 for complex hermitian Toeplitz
matrices and at Figs. 3, 4 for real symmetric matrices. In each plot two sets of data are
superposed. One corresponds to 200 × 200 matrices averaged over 10000 realisations. The
second is the result of calculations for 1000× 1000 matrices averaged over 1000 realisations.
Only minor changes were observed with increasing the matrix dimensions and/or the number
of realisations.
At Fig. 1 the comparison between the first three nearest-neighbour distributions calcu-
lated numerically for complex hermitian Toplitz matrices and the semi-Poisson formulas is
presented. In calculations only 60% of eigenvalues around the maximum of the spectral
density were taken into account and the spectrum was unfolded by using a third degree
polynomial. The agreement is quite good and it seems that with increasing of matrix di-
mensions the observed distributions are slightly closer to the semi-Poisson ones (see Insert
in this figure). At Fig. 2 the results of calculations of the probability distribution of ratio of
three nearest eigenvalues and the two-point formfactor for complex matrices are depicted.
The agreement with the semi-Poisson formulas is evident. In particular, the level compress-
ibility, χ = limτ→0K(τ), is close to 0.5 which is the characteristics value for the semi-Poisson
distribution [27]. All obtained results clearly indicate that spectral correlation functions for
complex Toeplitz matrices are very close to the semi-Poisson predictions.
Af Figs. 3, 4 the same correlation functions but for real symmetric Toeplitz matrices are
plotted. In this case the results are close to the Poisson distributions as was conjectured
in [14] though small deviations are observed (see Insert at Fig. 3). To see clearly the size
of these deviations the nearest-neighbour distribution at this figure was fitted by ad hoc
expression
Pfit(s) = 0.92 e
−0.96s + 0.68 e−13.7x (5)
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Correlation
functions
Semi-Poisson
distribution
Poisson distribution
Pn(s)
22(n+1)
(2n+ 1)!
s2n+1e−2s
sn
n!
e−s
K(τ)
2 + pi2τ2
4 + pi2τ2
1
P (r)
6r
(1 + r)4
1
1 + r2
TABLE I. Main correlation functions for the semi-Poisson and the Poisson distributions
which should be compare with the Poisson value: Pp(s) = exp(−s). As shown at Insert of
this figure the fit describes the data quite well. A deviation from the Poisson prediction is
also observed for the ratio distribution (cf. Fig. 4). The fitting formula
Pfit(r) =
1.51
1 + 5.44r + 0.90r2
(6)
works better. These deviations may be interpreted as the existence for real random Toeplitz
matrices of a small excess of close-by levels which looks natural as in the Fourier space such
matrices have doubly degenerated diagonal part (see below).
In addition to spectral statistics of eigenvalues of Toeplitz matrices it is of importance
to investigate statistical properties of their eigenfunctions. In usual ensembles of random
matrices eigenfunctions are invariant over rotations [6] and in almost all coordinates they
are fully extended. This is not the case for non-invariant models. Eigenfunctions of complex
Toeplitz matrices in coordinate space given by (3) look as fully extended. From experiences
with models with intermediate statistics [28], [29] it follows that the same eigenfunctions
in the momentum representation are completely different and they may and will have non-
trivial fractal dimensions. The later are defined from the scaling of eigenfunction moments
with matrix dimensions (see e.g. [28])
Mq =
〈 N∑
n=1
|Ψn(e)|2q
〉
−→
N→∞
CN−τ(q). (7)
Here Ψj(e) is the eigenfunction corresponded to an eigenvalue e (assumed normalised) and
the average is taken over a small energy window and different realisation of random matrices.
The exponent, τ(q), defines the fractal dimension: Dq = τ(q)/(q − 1). Physically fractal
dimensions determine how many important components have eigenfunctions in a certain
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FIG. 1. Three nearest-neighbour distributions for complex hermitian Toeplitz matrices. Filled cir-
cles are results for 200×200 matrices and 10000 realisations. Open circles are data for 1000×1000
matrices and 1000 realisations. The solid lines indicate the corresponding semi-Poisson formulas.
Dashed-dotted line is the Wigner surmise for the nearest-neighbour distribution for the usual Gaus-
sian orthogonal ensemble: PW (s) = pi/2s exp(−pis2/4). Insert: the difference between the nearest-
neighbour distribution computed numerically and the semi-Poisson formula: Psp(s) = 4s exp(−2s).
scale. For fully extended eigenfunctions Dq = 1 and for localised eigenfunctions Dq = 0.
The case when Dq depends on q corresponds to multifractal eigenfunctions.
For Toeplitz matrices (1) eigenfunctions in the momentum representation can be calcu-
lated either by the direct Fourier transform of eigenfunctions of (1)
Ψˆp(e) =
1√
N
N∑
j=1
e2piipj/NΨj(e) (8)
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FIG. 2. Comparison between the numerically calculated probability distribution of the ratio
of 3 consecutive eigenvalues and the semi-Poisson prediction. Insert: Comparison between the
two-point formfactor and the semi-Poisson prediction.
or by the diagonalisation of the hermitian Toeplitz matrix in the momentum representation
Mˆpr =
1
N
N∑
m=1
N∑
n=1
am−ne2pii(mp−nr)/N
= ξpδpr + (1− δpr) 2i(ηp − ηr)
N(e−2pii(p−r)/N − 1) (9)
where
ξp = a0 + 2
N−1∑
t=1
(
1− t
N
)
Re
(
ate
2piitp/N
)
, (10)
ηp =
N−1∑
t=1
Im
(
ate
2piitp/N
)
. (11)
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FIG. 3. The same as at Fig. 1 but for real symmetric Toeplitz matrices. Solid lines indicate the Pois-
son predictions to the considered quantities. Dashed line shows the fit (5) to the nearest-neighbour
distribution. Insert shows the difference between the numerical nearest-neighbour distribution and
the Poisson prediction: Pp(s) = exp(−s). Solid line in the Insert is the difference between the
numerics and the fitting formula (5).
Numerical calculations for M1/2, M3/2, and M2 for the Fourier eigenfunctions (8) were
performed. For each momentum the data from numerical diagonalisations of matrices with
dimensions N = 2n with n = 7, 8, 9, 10 averaged over 1000 realisations were collected.
Only eigenfunctions with eigenvalues between −2√N and 2√N were taken into account.
Linear fits in the logarithmic scale work quite well and permit to find the values of fractal
dimensions. For complex matrices our calculations suggest that fractal dimensions are non-
trivial: D1/2 ≈ 0.6, D3/2 ≈ 0.5, D2 ≈ 0.2. For real matrices D1/2 ≈ 0.4, D3/2 ≈ 0.09,
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FIG. 4. The same as in Fig. 2 but for real symmetric Toeplitz matrices. Dashed line indicates the
fit (6) to the data.
D2 ≈ 0.08. Notice that for real matrices Dq with q > 1 are small and within the numerical
accuracy are consistent with zero which would imply that eigenfunctions for real Toeplitz
matrices are localised in the Fourier space which is natural due to the Possonian character of
their spectral statistics. Larger-scale calculations should be performed to determine precise
values of fractal dimensions for complex and real Toeplitz matrices.
As Re(an) and Im(an) are i.i.d. Gaussian variables with zero mean and unit variance
matrix elements (10) and (11) are also Gaussian variables with zero mean and the following
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variances
〈ηp ηr〉 = Nδpr − 1,
〈ξp ηr〉 = (1− δpr) cot
(pi(p− r)
N
)
, (12)
〈ξp ξr〉 = −1 + δpr 4N
2 − 2
3N
+
2(1− δpr)
N sin2
(pi(p−r)
N
) .
When N →∞ all variables ξp and ηp will be of the order of
√
N .
In [30] an ensemble of power law banded random matrices has been investigated. In
this ensemble each matrix element Hij is independent (up to the hermitian symmetry)
Gaussian variable with zero mean and variance decreasing as a power from the diagonal;
〈H2pr〉 ∼ (p−r)−2α p, r  1. It was demonstrated in [30] that when α > 1 off-diagonal terms
are non-essential and the spectral statistics is the same as that of diagonal elements (i.e.
Poissonian). When α < 1 the spectral statistics is that of usual random matrix ensembles.
Value α = 1 is special (see also [31]) and corresponds to the so-called critical ensembles
characterised by intermediate spectral statistics similar (but in general not equal) to the
semi-Poisson distribution and by non-trivial fractal dimensions calculated either numerically
or in perturbation series [28], [29] .
A characteristic property of matrix Mˆpr in (9) is a linear decrease of matrix elements from
the main diagonal, Mˆpr ∼ (ηp − ηr)/(p− r) for p, r  N which is precisely the condition of
criticality (and of unusual intermediate-type spectral statistics) in random matrix ensembles
[31], [30]. Strictly speaking matrix (9) does not belong to the class of matrices discussed
in [31], [30]. But physical arguments in these papers are general and robust and their
conclusions are applicable in more general setting [29].
It is important to stress that the property of slow fall-off of matrix elements of Toeplitz
matrices in the Fourier space is valid only because ηp in (12) does not decrease for large
p  N and N → ∞. But ηp is the Fourier transform of at. For any reasonably smooth
functions at its high Fourier harmonics should go to zero and matrix (9) would be not critical.
Consequently, its spectral statistics should be the close to the statistics of its diagonal part.
For real random Toeplitz matrices such arguments do not work as their diagonal matrix
elements (10) are doubly degenerated ξp = ξN−p (with ηp = −ηN−p) and the off-diagonal
terms serve mostly to remove this degeneracy. Such degenerate case was not investigated
within critical banded matrix approach. Numerical results at Figs. 3 and 4 suggest that a
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certain tendency of gluing levels together remains at least for finite N .
The main result of this letter is the demonstration that spectral statistics of complex
Toeplitz matrices is unusual and in the case of i.i.d. Gaussian matrix elements is surprisingly
well described by the semi-Poisson statistics. The root of such behaviour is the closeness of
the Fourier transformed Toeplitz matrices to critical random matrix ensembles characterised
by a linear decrease of matrix elements from the main diagonal. In turn, this property is
related with non-convergence of random Toeplitz matrix symbols. Such conditions are quite
robust and should be valid for many random Toeplitz matrices but unfortunately they
cannot explain the observed closeness of eigenvalue statistics of complex Toeplitz matrices
to the semi-Poisson distribution. The case of real Toeplitz matrices is special as its diagonal
elements are doubly degenerated. Numerically spectral statistics of real Toeplitz matrices is
close to the Poisson distribution though (for relatively moderate matrix dimensions) small
deviations were observed. The intermediate statistics till now appeared only in certain (rare)
non-generic models. The facts that (i) Toeplitz matrices appear naturally in very different
fields and (ii) their statistical properties are of intermediate type indicate that intermediate
statistics in general and the semi-Poisson distribution in particular are more universal that
was considered before. Further investigation of these phenomena are of considerable interest.
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